A detailed understanding of the origin of the electrophoretic force on DNA molecules in a solid-state nanopore is important for the development of nanopore-based sequencing technologies. Because of the discrepancies between recent attempts to predict this force and both direct and indirect experimental measurements, this topic has been the focus of much recent discussion. We show that the force is predictable to very good accuracy if all of the experimental conditions are accounted for properly. To resolve this issue, we compare the calculation efficiency and accuracy of numerical solutions of Poisson-Boltzmann and Poisson-Nernst-Planck descriptions of electrolyte behavior in the nanopore in the presence of DNA molecules. Two geometries-axially symmetric and cross-sectional-are compared and shown to be compatible. Numerical solutions are carried out on a sufficiently fine mesh to evaluate the viscous drag force acting on DNA inside a silicon nitride nanopore. By assuming the DNA is immobilized in the axial center of the nanopore, the calculation result of this viscous drag force is found to be rather larger than the experimental result. Because the viscous drag force decreases if DNA is closer to the surface of the nanopore, however, the relevant effective driving force is the average over all possible positions of the DNA in the nanopore. When this positional uncertainty is taken into account, the effective driving force acting on DNA inside the nanopore is found to agree very well with the experimental results.
I. INTRODUCTION
Since the first demonstration of successful detection of DNA molecules in 1996 [1] , nanopores have emerged as a promising platform for next generation fast DNA sequencing. In nanopore-based DNA translocation experiments, single DNA molecules in an electrolyte are driven by an externally applied electrical field through a nanometer-scale hole-or nanopore-in a free-standing dielectric film. In concentrated electrolytes, a DNA molecule in a nanopore inhibits the electrically driven flow of the more mobile electrolyte ions; thus, each translocation event of a molecule chain can be characterized by an ionic current blockage and time duration [2] [3] [4] . For DNA sequencing, understanding and controlling the details of the molecular motion during the translocation process, especially the position of a molecule chain inside a nanopore and the instantaneous speed of the DNA, are essential [5, 6] . Currently, the translocation speed of individual molecules is too fast for instruments to "read" each base signal: each base is in the nanopore for about 10 ns under typical experimental conditions in solid-state nanopores. The naive solution to this problem is to apply a smaller driving force so the molecules move more slowly through the nanopore; but at small driving forces, thermal fluctuations give rise to a large sequencing error rate [7] . To better understand and solve these problems, an accurate description of the force applied on DNA inside and outside the nanopore becomes indispensable. In addition to the electrical driving force, the forces acting on a translocating DNA molecule in a nanopore can be divided into three related but distinct components [8] : (i) the viscous drag * zhaoqing@pku.edu.cn † yudp@pku.edu.cn force acting on linear DNA inside the nanopore; (ii) the viscous drag force acting on the parts of DNA outside the nanopore; and (iii) the entropic force of DNA uncoiling/recoiling at the pore entrance/exit. Forces (ii) and (iii) have been investigated by both experiment and calculation [5, 7] , and together these two forces can offset 10%-20% of the total electrical driving force on DNA.
Compared to the entropic force and viscous drag outside the nanopore, the viscous drag inside the nanopore offsets 80%-90% of the electrical driving force [9] [10] [11] . The objective of this paper is to achieve a more precise understanding of the viscous drag force acting on DNA inside the nanopore. This force is attributed to the laminar flow field inside the nanopore, which can be conceptually decomposed into the electroosmotic-induced flow field and particle-velocity-induced flow field [12] . Since even an immobilized molecule inside a nanopore experiences an electro-osmotic counter flow [7, 13] , the effective driving force applied on DNA inside a nanopore has been defined as a new parameter: F eff , which contains both the electrical force on DNA's bare charge F bare and the drag force due to electro-osmotic flow (EOM) inside the nanopore F EOM . Hence, F eff = F bare − F EOM . The electrical force on DNA's bare charge F bare can be represented as F bare = σ bare V , where σ bare is the line charge density of DNA and V is the potential drop on the DNA molecule chain. Because F EOM is also proportional to V , the effective driving force is often written as the product of V and an effective charge density σ eff : F eff = σ eff V . Keyser et al. have used optical tweezers to measure the value of this effective driving force directly [9] , while experimental studies based on solid-state nanopores have also allowed estimates of this force [7, 14] . Assuming that the pore length is much larger than the pore diameter, Ghosal introduced an idealized cylindrical cross-section model to study the hydrodynamic force on DNA in a nanopore [15] . Later on, the axially symmetric model whose geometry was much closer to the actual situation of solid-state nanopores was proposed to simulate this force [12] . Both the experimental and theoretical results revealed that the electro-osmotic flow is dependent on many parameters, such as the electrolyte concentration, the surface charge of the nanopore, nanopore geometry, and even the interaction between the molecule and the nanopore surface [16] . However, previous calculations have not considered all of the experimental parameters precisely, especially the dimensions of the nanopore [16] or the surface charge of the nanopore [12] , and as a result they have deviated significantly from experimental observations.
In this paper, we show that detailed calculations can in fact account for the experimental observations. To accomplish this, we took into account real experimental parameters such as pore geometry, membrane surface charge, electrolyte concentration, and driving voltage. We show that a very fine mesh size is required to accurately calculate the shear stresses on the DNA strand. If the DNA molecule is in the center of the nanopore, the rotational symmetry of the system reduces the problem to two dimensions. In this two-dimensional, axially symmetric model, the effective driving force on DNA inside the nanopore was studied by two equation systems, namely the Poisson-Boltzmann equations (PB) and the Poisson-NernstPlank equations (PNP). We demonstrate that the PB model is a good approximation for the PNP model. The result of these calculations is found to be ∼30% smaller than the experimental results in the high salt (>1 M) concentration regime.
The discrepancy arises from the assumption that the DNA molecule is always at the center of the pore. The solution of the PB equations on a cross section coplanar with the membrane reveals that the effective driving force increases modestly if the DNA is radially offset. By considering the weighted average of the driving force at possible radial positions of the DNA during translocation, the average force is found to match very well with the experimental results.
The paper is organized as follows. First, we introduce the two geometries, axially symmetric and cross-sectional, used to simulate a solid-state nanopore. Then we use the PNP and PB equations separately, each combined with the Navier-Stokes equation, to calculate the electric and flow fields inside a nanopore. This formulation allows us to determine the effective driving force on DNA in a nanopore as a function of the surface charge density, nanopore diameter, and salt concentration. We then discuss the force variation due to radial position inside the nanopore during translocation. Finally, we compare our prediction of effective driving force applied on DNA inside solid-state nanopores to the experimental observations, and we find close agreement.
II. PHYSICAL AND MATHEMATICAL MODEL DESCRIPTIONS

A. Axially symmetric model description
The axially symmetric geometry was first applied to a nanopore in the context of numerical calculation by Liu et al. [12] . If the DNA molecule is in the center of the nanopore, the nanopore-DNA system can be represented as a rotation around the center axis, and the only variations in electrolyte concentration, flow field, and electric field occur in a half-plane defined by the rotation axis and a radial vector. In our calculations, the axially symmetric model is based on a typical geometry determined by tomography [17] for a solidstate nanopore drilled by transmission electron microscopy (TEM). As shown in Fig. 1(a) , the model consists of two large cylindrical reservoirs (500 nm in radius and 1 μm in length) separated by a 50 nm membrane. The hourglass-shaped nanopore is in the center of the membrane, with a 5 nm minimum radius at the center of the membrane and a 20 nm maximum radius at the membrane surfaces. DNA was simply modeled as a cylinder of radius 1.1 nm and length 100 nm (one Kuhn length) immobilized in the center of the nanopore. For the axially symmetric geometry, two equation systems were used: Poisson-Nernst-Planck and Poisson-Boltzmann.
Poisson-Nernst-Planck equations
The electrical potential V in the electrolyte is determined by the distribution of charges in the electrolyte and on the surfaces, as well as by the externally applied voltage. This relationship can be expressed by the Poisson equation,
where ε 0 , ε r , and ρ are the dielectric constant, relative permittivity, and electric charge density, respectively, z 1 and z 2 are the valences of cations (z 1 = 1 for K + ) and anions (z 2 = −1 for Cl − ), respectively, c 1 and c 2 are the molar concentration of cations and anions in the electrolyte solution, respectively, and F is the Faraday constant. The Navier-Stokes 
equation captures the flow dynamics:
where ρ f , p, u, and η are the fluid density, pressure, velocity, and viscosity, respectively. The volume force on the electrolyte arises from the electrical force on any net charge density:
The typical Reynolds number of the fluid flow in a nanopore is very small, so the first term in the equation ρ( u · ∇) u is negligible. The simplified form of the Navier-Stokes equation is then
The Nernst-Planck equation, which is essentially a continuity equation applied to each ion species, couples with the electrostatic equation and the Stokes equation to calculate the transport and distribution of species:
where D i is the diffusion coefficient of species i, F is Faraday's constant, and μ i is the ionic mobility. Since for an incompressible fluid in an equilibrium system ∇ · u = 0 and ∂c i /∂t = 0, the NernstPlanck equation can be written as
The velocity u is the velocity field from the Navier-Stokes equation and the Poisson equation is coupled via the potential. The boundary conditions are set as shown in Table I .
Poisson-Boltzmann equations
One can approximate the Nernst-Planck equation using the Boltzmann distribution to calculate the ion concentrations as a function of potential. We decompose the potential into the external electric field, − ∇ϕ, and the field induced by surface charges, − ∇φ. This amounts to an assumption that the externally applied field has little effect on the charge density distribution near the walls. In this case, the ion concentrations satisfy Boltzmann distributions, where the zero in potential is taken to be the potential at the pore axis as the pore radius becomes arbitrarily large,
The equation system is then as follows: 
(3) The Navier-Stokes equation,
Because DNA can be considered as a freely jointed chain composed of Kuhn length segments, and because the electric field (and hence the EOM force) is negligible far away from the nanopore, for both the PNP and the PB equation systems we calculate the EOM force acting on one Kuhn length l 0 (100 nm) of DNA immobilized in the center of the pore. An hourglassshaped nanopore was set on a 50-nm-thick membrane. The EOM force is
and the effective driving force is
B. Cross-section model description
An analytical treatment to a cross-section model has been given by Ghosal [15] . We will extend this work numerically to determine the driving force when the DNA molecule is off axis in the nanopore. In the cross-section model, DNA is considered as a charged cylinder with a radius of 1.1 nm, as shown in Fig. 1(b) . The nanopore is simply modeled as a cylinder. The Ground/100 mV at z = ±1 μm (insulation r = 1 μm)
a We set the surface charge region on the SiN surface to only within 250 nm of the pore. Beyond that, the SiN surface was free of charge. This is necessary to allow the reservoir boundary condition at r = 1 μm to be at constant concentration C 0 . b Wall no-slip boundary condition: u = 0. PB equations are used, adapted for the symmetry along the z direction, so that all the variation is in a plane normal to the pore axis:
The boundary conditions are the same as the axially symmetric model. The Navier-Stokes equation simplifies to
where E 0 is the electric field inside the nanopore. The boundary conditions are the same as in Table II , where applicable.
Parameters
Unless stated otherwise, the parameters of the KCl electrolyte solution used in the present study include fluid density 1000 kg/m 3 , fluid viscosity 10 −3 Pas, average mobility of potassium and chlorine ions 73 × 10 
Numerical approach
All equation systems were solved by the commercial finite element software COMSOL 4.2a (Comsol, Inc.). Since the electric and flow fields vary exponentially near the surfaces, the accuracy of the numerical solutions depends strongly on the mesh size. In particular, a fine mesh is necessary to accurately calculate the derivatives in Eq. Computation time increases with mesh size, so a compromise has to be made between calculation efficiency and accuracy. Because the force on the DNA molecule depends on derivatives of the flow field, it is the most sensitive quantity to the grid size and is used in choosing the optimal size; we use a minimum mesh point spacing of 2 × 10 −11 m near the relevant surfaces in the following calculations.
III. RESULT AND DISCUSSION
As shown in Fig. 3 , the surface charges of the DNA and the pore membrane cause a charge imbalance inside and around the nanopore. These regions are subject to forces arising from the externally applied electrical field, which is intensified inside the nanopore, resulting in an electro-osmotic flow field inside the nanopore. The bulk concentration far away from the charged surface is around c 0 [ Fig. 3(b) ], as expected for screened charges. Only in the region closer to the charged surface than a Debye length do the differences in the concentrations of anions and cations, and hence the electrical force per volume, vary substantially from zero. The resulting fluidic shear force near the charged surface corresponds to the steep regions of the velocity curve close to the surfaces in Fig. 3(c) . The ion distributions and velocity curves calculated with the PNP and PB equations are essentially identical, so we show only the PB result here. With the same experimental parameters used to generate Fig. 3(a) , the effective driving force discrepancy between the PNP and the PB model was less than 1%. We conclude that the PB equations are essentially equivalent to the PNP equations in our experimental regime.
The foregoing discussion about the flow field suggests that the electro-osmotic flow depends strongly on the surface charge density and salt concentration. The surface charge density of the nanopore depends on solution pH and electrolyte concentration [18] , so we varied the nanopore surface charge density from 0 to −60 mC/m 2 , which corresponds to solution pH values from 5.5 to 9.5 [18, [19] . Usually translocation of double-stranded DNA is performed in solutions around pH 8-9, corresponding to an approximate surface charge density of −30 mC/m 2 ; this value is used in the following general calculations. For comparison with specific experimental data, we used surface charge values consistent with those obtained from fluctuation studies [18] . We calculated the driving force at electrolyte concentrations of 100 mM, 1 M, and 3 M. The concentration regime between 100 mM and 1 M is of small interest for real experiments; the current variations during DNA translocation are small, limiting the sensitivity of the experiment [20] . Figure 4(a) shows that, all other parameters remaining unchanged, a larger nanopore surface charge density results in a larger counter ion flow and a smaller effective driving force on DNA. From Fig. 4(b) , at a constant SiN surface charge density of −30 mC/m 2 , lower salt concentration results in a larger driving force, in qualitative agreement with experimental results [20] . One can understand this effect by recognizing that at low salt concentration, the electric field in the nanopore acts on fewer ions. As the pore size increases, the effective driving force decreases slowly; when DNA and the pore surface are separated by more than several Debye lengths, the effective driving force has a simple [ln (R/a)]
dependence on nanopore size [13] .
The simulation results reveal that the magnitude of the effective driving force on DNA in the axially symmetric model is very sensitive to the surface charge density of a nanopore and to the size of the nanopore. Although we already set all the parameters based on actual experimental conditions, the 9.1 pN force calculated in the axially symmetric model is still ∼30% smaller compared to the experimental result of a 14 pN force on a DNA molecule in 1 M KCl and a nanopore with 8-10 nm diameter under 100 mV bias [7] . To investigate this discrepancy, we evaluated some other potential factors, namely geometry of the nanopore, geometry of DNA, and surface charge density of the nanopore, as shown in Table III .
These results confirm that within the range of reasonable experimental parameters, the smaller DNA diameter, the surface charge density of the nanopore, and the nanopore diameter can slightly enhance the effective driving force, but not enough to be consistent with experiments. We suggest that the reason for this discrepancy is that in the above calculations, DNA is assumed to be stationary in the center of the nanopore, while in a real DNA translocation process, the molecule might occupy different radial positions in the nanopore during its passage. Therefore, the uncertainty in the radial position must be taken into account in order to estimate the correct effective driving force on DNA. We wish to determine whether the effective driving force will vary or remain constant if the DNA is offset from the nanopore axis. To preserve the calculational efficiency and simplicity of a two-dimensional problem, a cross-section geometry was used to solve this problem because the geometry is no longer axially symmetric.
The cross-section model represents the hourglass-shaped nanopore and the DNA molecule inside it as long cylinders. The force on the DNA molecule can be expressed in units of force/voltage when normalized to the electric field strength and the length of the cylinders. It should be noted that to obtain quantitative results from this model, one cannot simply multiply this normalized force by the applied voltage, which assumes that the cylindrical geometry applies everywhere with a non-negligible electric field. In a real system, however, there are fields relatively far away from the cylindrical region of the pore (i.e., access resistance); the electro-osmotic flow will be different in these regions, resulting in a systematic error in the driving force. We will define the required correction, α, as the ratio between the force in the center calculated in the axially symmetric geometry to that calculated in the cross-section model: α = F eff (0) /f eff (0) V . In the case we have been considering (1 M KCl, 10 nm pore, 100 mV bias), f eff (0) = f bare − f EOM = 99 pN/V. Comparing to the result from the axially symmetric geometry, 9.06 pN (PNP), we obtain α = 0.92. Figure 5 shows the flow fields in the DNA-nanopore system if the DNA molecule is 0, 1, 2, or 3 nm from the center axis of a 10 nm pore. Due to the no-slip boundary conditions, the flow field near the pore is smaller when the molecule is near the walls, reducing the electro-osmotic force and resulting in a stronger effective driving force. We obtained the force profile inside a 10 nm nanopore (Fig. 6 ) and found that bigger force is achieved when the DNA approaches closer to the pore surface. For either 1 M or 100 mM KCl, the force variation at different DNA positions inside a nanopore can be as high as 30%.
From the force profile result, we can consider the fluctuations in the driving force during a translocation event. DNA can be modeled as a chain of stiff rods, each of which is one Kuhn length, or about 100 nm for dsDNA. For a 10 kb molecule (34 Kuhn lengths), the translocation time of one Kuhn length is around 10 μs, and the diffusion constant in the radial direction (transverse to the axis of the stiff rod) is about 10 −11 m 2 /s. During this time, the position uncertainty of the molecule is estimated to be 10 nm, indicating that each Kuhn length can explore multiple positions in the pore cross section during its translocation. Thus, the effective driving force should be an average of the driving forces at all possible positions inside the nanopore. Since DNA itself has a 1.1 nm diameter, we considered the displacement of DNA off the center from 0 to 3.9 nm. The top curves with triangular markers are the force profile (solid) and probability function (dashed) in 100 mM KCl; the bottom curves with circle markers are the force profile in 1 M KCl (solid) and the probability function (dashed). The arrows on each curve point toward the axis for that curve. Note that for both electrolyte concentrations, the DNA molecule is excluded by screened electrostatic repulsion from a region approximately three Debye lengths from the pore wall.
To calculate the statistical average value of the effective driving force, we must consider the fact that near the wall, the negatively charged DNA strand will be repelled from the (also negatively charged) wall. The energy of interaction E rep (r) between the pore and the wall can be extracted from our calculations in the cross-sectional geometry, assuming a pore length of 20 nm. We then introduce a Boltzmannlike "probability function" ρ(r) ∝ exp[−E rep (r)/k B T ]. This function is plotted along with the radius-dependent driving force f (r) in Fig. 6 for various conditions. The resulting average effective driving force is
The quantity that should be compared to experiment is
There are three experiments reported in the literature in which the force on the DNA molecule could be directly or indirectly measured in pores of a technologically relevant size (2R < ∼ 10 nm). Two of these are indirect determinations from the DNA translocation experiments reported in our translocation time distribution work [7] . The third is a direct optical tweezers measurement under rather different solution conditions [13] . In all cases, surface charge densities were calculated from a Stern model; the parameters were measured in silicon nitride nanopores using fluctuation analysis [18] . The surface site density and Stern capacity C s have been found to be 0.15 nm −2 and 2.4 F/m 2 , respectively [21] . Using these parameters, the surface charge density can be calculated at pH 8 for the various electrolyte concentrations used in these experiments, as shown in Table IV . Based on these parameters, we calculate f eff and α to obtain F eff . The comparison between the experimental measurements and the calculated effective driving forces is shown in Table IV .
From Table IV , the agreement between the calculated effective driving forces and the experimentally determined values is good. The calculations slightly underestimate the remaining two values of the driving force (experiments 1 and 2). The differences, which are about 10%-15%, are attributable to uncertainty in the surface charge values used, which cannot be measured directly-a 10 mC/m 2 variation in surface charge leads to a 1.5 pN variation in the driving force (see Table III )-and to the simplicity of the model used to determine the reference driving forces in the first place.
It should be noted that within about two Debye lengths of the wall, the screening effect due to counter ions near a charged surface is overestimated by the PB and PNP models, as demonstrated by Brownian dynamics simulations [22, 23] . From our calculations of the repulsion between the DNA and the pore surface, as shown in Fig. 6 , we observe that the molecule is excluded from the region within three Debye lengths from the pore wall, so our calculations are within the regime of validity of the PB and PNP models. In the case of the optical tweezers experiment (experiment 3), where the Debye length is long, the molecule is essentially confined in the center of the nanopore, and we might expect to observe deviations based on screening overestimation. In this case, however, the relatively large error of the experimentally determined value obscures any such effects. In sum, by combining the accuracy of the PNP and PB models in the axially symmetric configuration with the usefulness of the cross-section model in determining variations with radial DNA position, we obtain simulation results that are consistent with experimentally determined effective driving forces. The PB model, neglecting the deformation of the electric double layer due to convection, does not require computing the ion distribution fields, thereby reducing the computational complexity significantly. Based on previous simulation results, the ion distribution field calculated by the PNP equation system will be equivalent to the PB model in an equilibrium state [24] . The PB model provides good predictions if the electric double layer is thin and the solvent region is regularly shaped (e.g., cylindrical). In nanopores, where the electric double layer varies and the solvent region is irregularly shaped, the convective transport of ions may impact the final ion distribution [25] . The PNP equation captures the physics very well, but its calculation is time-consuming and depends strongly on the mesh size.
IV. CONCLUSIONS
The electrical driving force is balanced primarily by the viscous drag force acting on DNA inside a nanopore. We provide several different numerical models to determine forces on a DNA molecule in a nanopore. The electrical and flow fields with and without DNA inside a nanopore were studied to understand the influence of membrane surface charge, pore size, salt concentration, and DNA position inside the nanopore to determine the magnitude of the effective driving force. Our results confirm that the effective driving force decreases with the surface charge of the membrane, the electrolyte concentration, and the size of the nanopore, but the positional uncertainty of the DNA inside the nanopore, and its effect on the driving force, must be taken into account to arrive at an accurate calculation of the effective driving force. Combined with the DNA position uncertainty inside the nanopore, the obtained numerical results are in good agreement with the DNA translocation and the optical tweezers force measurement experiment.
